Limit sets of AdS-quasi-Fuchsian groups of PO(n, 2) are always Lipschitz submanifolds. The aim of this article is to show that they are never C 1 , except for the case of Fuchsian groups. As a byproduct we show that AdS-quasi-Fuchsian groups that are not Fuchsian are Zariski dense in PO(n, 2).
Introduction
The study of various notions of convex cocompact groups in semi-simple Lie groups has gain considerable interest the last decade, thanks to its relation with Anosov representations. A particularly nice setting is for subgroups of PO(p, q) where the quadratic form helps to construct invariant domains of dicontinuity, see [DGK18] .
In a previous paper, we studied the metric properties of limit sets for such representations [GM] and proved a rigidity result for quasi-Fuchsian representations in PO(2, 2). Recently Zimmer [Zim18] showed a C 2 rigidity result for Hitchin representations in PSL n (R) (C ∞ rigidity was known from the work of Potrie-Sambarino [PS17] ).
In this paper, we study the C 1 regularity of such a limit set and prove a rigidity result for quasi-Fuchsian subgroups PO(n, 2). They are examples of AdS-convex cocompact groups, as defined by [DGK18] .
Given the standard quadratic form q n,2 of signature (n, 2) on R n+2 , we define AdS n+1 as the subset of RP n+1 consisting of negative lines for q n,2 . Its boundary ∂AdS n+1 is the set of q n,2 -isotropic lines.
Definition 1.1. [DGK18] A discrete subgroup Γ of G = PO(n, 2) is AdSconvex cocompact if it acts properly discontinously and cocompactly on some properly convex closed subset C of AdS n+1 with nonempty interior whose ideal boundary ∂ i C := C \ C does not contain any nontrivial projective segment.
Any infinite convex-cocompact group contains proximal elements, ie. elements that have a unique attractive fixed point in ∂AdS n+1 . For Γ a discrete subgroup of PO(n, 2), the proximal limit set of Γ is the closure Λ Γ ⊂ RP n,2 of the set of attracting fixed points of proximal elements of Γ. Since Γ acts properly discontinuously on a convex set C, the proximal limit set coincides with the ideal boundary of C. It is shown in [DGK18] that this notion of limit set coincides with the closure of orbits in the boundary. Definition 1.2. A discrete group of PO(n, 2) is AdS-quasi-Fuchsian if it is AdS-convex cocompact and its proximal limit set is homeomorphic to a n − 1 dimensional sphere.
If moreover, the group preserves a totally geodesic copy of H n , it is called AdS-Fuchsian.
The limit set of an AdS-Fuchsian group is a geometric sphere, hence a C 1 -submanifold of ∂AdS. The principal aim of this article is to show that the converse holds:
The proof is based on the following result which is interesting on its own:
Remark that this proposition and Zimmer's result [Zim18, Corollary 1.48] imply that the limit set is not C 2 .
2 Background on AdS-quasi-Fuchsian groups.
We introduce the results needed for the proofs of Theorem 1.3 and Proposition 1.4. Most of this section follows directly from the work of [BM12] and [DGK18] , except maybe the characterization of Fuchsian groups as subgroups of O(n, 1) in Proposition 2.6.
First, let us define the anti-de Sitter space. We denote by · | · n,2
Definition 2.1. The anti-de Sitter space is defined by
Its boundary is
We now give a brief review of the proximal limit set:
Definition 2.2. Given γ ∈ PO(n, 2), we denote by λ 1 (γ) ≥ λ 2 (γ) ≥ · · · ≥ λ n+2 (γ) the logarithms of the moduli of the eigenvalues of any of its representants in O(n, 2). We say that γ is proximal if λ 1 (γ) > λ 2 (γ).
Remark that an element of PO(n, 2) has not always a lift in SO(n, 2). However since it is the quotient of O(n, 2) by ± Id, the set of moduli of eigenvalues of a lift is well defined. If γ ∈ PO(n, 2) is proximal, it has a unique liftγ ∈ O(n, 2) which has e λ 1 (γ) as an eigenvalue.
Notice that we always have λ 3 (γ) = · · · = λ n (γ) = 0, as well as
Definition 2.3. If γ ∈ PO(n, 2) is proximal, we denote by γ + ∈ RP n+1 its attractive fixed point, i.e. the eigendirection for the eigenvalue of modulus e λ 1 (γ) of a lift of γ to O(n, 2). We also set γ − = (γ −1 ) + .
Note that γ + is necessarily isotropic, i.e. γ + ∈ ∂AdS n+1 . Proposition 2.4 (Proposition 5 in [Fra05] ). If γ ∈ PO(n, 2) is proximal, then lim n→+∞ γ n (ξ) = γ + for all ξ ∈ ∂AdS n+1 which is transverse to γ − (i.e. such that ξ | γ − n,2 = 0).
Recall that the proximal limit set of a discrete subgroup Γ ⊂ PO(n, 2) is the closure Λ Γ in RP n+1 of the set of all attractive fixed points of proximal elements of Γ, it is therefore a subset of ∂AdS n+1 . If additionally Γ is AdS-convex cocompact, then it is word-hyperbolic and the action of Γ on its proximal limit set is conjugated to the action on its Gromov boundary [DGK18] . As a consequence, we have:
is AdS-convex cocompact, the action of Γ on the limit set Λ Γ is minimal, ie. all orbits are dense.
The group O(n, 1) can be embedded in PO(n, 2) by the following map:
We will say that an element (respectively a subgroup) of PO(n, 2) is conjugate to an element (respectively to a subgroup) of O(n, 1) if it has a conjugate in the image of this embedding. Note that if γ ∈ PO(n, 2) is proximal, we have λ 2 (γ) = 0 if and only if γ is conjugate to an element of O(n, 1). A subgroup of PO(n, 2) which is conjugate to a cocompact lattice of O(n, 1) is AdS-Fuchsian, as it fixes a totally geodesic copy of H n on which it acts properly discontinuously and cocompactly. These are the only AdS-Fuchsian groups:
Proposition 2.6. A discrete group of PO(n, 2) is AdS-Fuchsian if and only if it is conjugate to a cocompact lattice of O(n, 1).
Proof. Let Γ ⊂ PO(n, 2) be an AdS-Fuchsian group. Let H be a totally geodesic copy of H n in AdS n+1 preserved by Γ. Since the stabilizer L ⊂ PO(n, 2) of H is conjugate to O(n, 1), we only have to show that Γ is a cocompact lattice of L. This will be a consequence of the fact that Γ acts properly discontinuously and cocompactly on H. Let γ be a proximal element of Γ. Let ξ ∈ ∂H be transverse to the repelling fixed point γ − . The sequence γ n ξ lies in H and converges to γ + . Therefore, ∂H contains the attracting point of γ, and it follows that Λ Γ ⊂ ∂H. Since Λ Γ and ∂H are homeomorphic to S n−1 , we have Λ Γ = ∂H. Finally since, Γ is convex-cocompact, Γ acts properly discontinuously and cocompactly on the convex hull of Λ Γ that is H (see [DGK18] ).
The boundary ∂AdS n+1 is naturally equipped with a conformal Lorentzian structure. It is conformally equivalent to the quotient of S n−1 × S 1 endowed with the Lorentzian conformal metric [g S n−1 − dθ 2 ] (where g S n−1 is the round metric of curvature 1 on S n−1 , and dθ 2 is the round metric on the circle of radius one) by the antipodal map (x, θ) → (−x, −θ). See [BM12, paragraph 2.3] for more details.
Using the absence of segments in the limit sets of AdS-quasi-Fuchsian groups we have:
Proposition 2.7. The limit set Λ Γ ⊂ ∂AdS n+1 of an AdS-quasi-Fuchsian group Γ ⊂ PO(n, 2) is the quotient by the antipodal map of the graph of a distance-decreasing 1 map f : S n−1 → S 1 where S n−1 and S 1 are endowed with the round metrics.
Proof. Barbot-Mérigot showed in [BM12] that the limit set of a quasi-Fuchsian group lifts to the graph of a 1-Lipschitz map. Since the limit set does not contain any non trivial segment of ∂AdS n+1 the map strictly decreases the distance.
Finally we will need the following proposition, which in the Lorentzain vocabulary translates as the fact that the limit set is a Cauchy hypersurface:
Proposition 2.8. If Γ ⊂ PO(n, 2) is AdS-quasi-Fuchsian, then every isotropic geodesic of ∂AdS n+1 intersects Λ Γ at exactly one point.
Proof. Let f : S n−1 → S 1 be a distance-decreasing map such that the quotient by the antipodal map of its graph is Λ Γ . An isotropic geodesic can be parametrized by (c(θ), θ), where c : θ → c(θ) is a unit speed geodesic on S n−1 . Then the proposition is equivalent to the existence and uniqueness of
a fixed point for the map f • c : S 1 → S 1 . It is a simple exercise to show that a distance-decreasing map of a compact metric space to itself has a unique fixed point.
The Zariski closure of AdS quasi-Fuchsian groups
We prove in this section the Zariski density of AdS-quasi-Fuchsian subgroups of PO(n, 2) which are not AdS-Fuchsian. This result, which happens to be interesting in itself, will considerably simplify the proof of Theorem 1.3 when we will use Benoist's Theorem [Ben97] about Jordan projections for discrete subgroups of semi-simple Lie groups in the last section.
Lemma 3.1. Let Γ ⊂ PO(n, 2) be AdS quasi-Fuchsian. If Γ is reducible, then it is Fuchsian.
Proof. Assume that Γ is not Fuchsian, and let V ⊂ R n+2 be a Γ-invariant subspace with 0 < dim(V ) < n + 2. First, lets us show that the restriction of · | · n,2 to V is non degenerate. Assume that it is not the case. Then Γ preserves the totally isotropic space
is a global fixed point for the action on ∂AdS n+1 , which cannot exist. The case dim(V ∩ V ⊥ ) = 2 is impossible because it also implies the existence of a global fixed point on ∂AdS n+1 (the intersection of the null geodesic P(V ∩ V ⊥ ) of ∂AdS n+1 with Λ Γ ). We can now assume that the restriction of · | · n,2 to V is non degenerate. It can have signature (k, 2), (k, 1) or (k, 0) (where k ≥ 0 is the number of positive signs). In the first case, Γ acts on some totally geodesic copy X of AdS k+1 (with k < n) in AdS n+1 . Then ∂X ∩ Λ Γ is a non empty closed invariant subset of Λ Γ , hence Λ Γ ⊂ ∂X and C(Λ Γ ) ⊂ X. Since C(Λ Γ ) has non empty interior in AdS n+1 (Lemma 3.13 in [BM12] ), we see that X = AdS n+1 , i.e. V = R n+2 , which is absurd. Now assume that V has Lorentzian signature (k, 1). Then Γ preserves X = P(V ) ∩ AdS n+1 which is a totally geodesic copy of H k . It also acts on X ′ = P(V ⊥ ) ∩ AdS n+1 which is a totally geodesic copy of H k ′ (with k + k ′ = n). Considering a proximal element γ ∈ Γ, there is a point in ∂X ∪ ∂X ′ which is transverse to the repelling fixed point γ − of γ (otherwise γ − would be in V ∩ V ⊥ ). This implies that γ + ∈ ∂X ∪ ∂X ′ , hence Λ Γ ∩ ∂X = ∅ or Λ Γ ∩ ∂X ′ = ∅. The action of Γ on Λ Γ being minimal, we find that Λ Γ ⊂ ∂X or Λ Γ ⊂ ∂X ′ . This is impossible because Λ Γ is homeomorphic to S n−1 and ∂X (resp. ∂X ′ ) is homeomorphic to S k−1 (resp. S k ′ −1 ). Finally, if V is positive definite, then V ⊥ has signature (n − k, 2), this case has already been ruled out. Proof. Let Γ • ⊂ G be a finite index subgroup. Since Λ Γ• = Λ Γ , it cannot be Fuchsian, so it acts irreducibly on R n+2 by Lemma 3.1. PO(n, 2) .
Proof. Let G ⊂ SO 0 (n, 2) be the pre-image by the quotient map SO 0 (n, 2) → PO(n, 2) of the identity component of the Zariski closure of Γ, and assume that Γ is not Fuchsian. By Corollary 3.2, we know that G acts irreducibly on R n+2 . According to [DSL] the only connected irreducible subgroups of SO(n, 2) other than SO 0 (n, 2) are U( n 2 , 1), SU( n 2 , 1), S 1 .SO 0 ( n 2 , 1) (when n is even) and SO 0 (2, 1) (when n = 3). The first three cases are subgroups of U( n 2 , 1), which only contains elements γ ∈ SO(n, 2) satisfying λ 1 (γ) = λ 2 (γ) so G cannot be one of them (otherwise Γ would not contain any proximal element and Λ Γ = ∅). The irreducible copy of SO 0 (2, 1) in SO(3, 2) can also be ruled out because a quasi-Fuchsian subgroup of PO(3, 2) has cohomological dimension 3, so it cannot be isomorphic to a discrete subgroup of SO 0 (2, 1) ≈ PSL(2, R). The only possibility left is that Γ is Zariski dense in PO(n, 2).
Non differentiability of limit sets
We finally prove the main result, Theorem 1.3. The proof goes as follows: first, we prove that the tangent spaces of the limit set are space like (i.e. positive definite for the natural Lorentzian conformal structure on ∂AdS n+1 ). Then by an algebraic argument, this shows that all proximal elements of Γ are conjugate (by an a priori different element of PO(n, 2)) to an element of O(n, 1). Finally, using a famous theorem of Benoist, this implies that Γ is not Zariski-dense, and therefore by Proposition 1.4 that the group is Fuchsian.
Spacelike points
Lemma 4.1. If Γ ⊂ PO(n, 2) is AdS quasi-Fuchsian and Λ Γ is a C 1 submanifold of ∂AdS n+1 , then there is ξ ∈ Λ Γ such that T ξ Λ Γ is spacelike.
Proof. Let f : S n−1 → S 1 be a distance-decreasing map such that the quotient by the antipodal map of its graph is Λ Γ . Knowing that the graph of f is a C 1 -submanifold, we first want to show that f is C 1 . Using the Implicit Function Theorem, it is enough to know that the tangent space of the graph projects non trivially to the tangent space of S n−1 . This is true because Λ Γ is acausal. Since f satisfies d(f (x), f (y)) < d(x, y) for x = y [BM12], it cannot be onto, so it can be seen as a function f : S n−1 → R. At a point x ∈ S n−1 where it reaches its maximum, it satisfies df x = 0, so the tangent space to Λ Γ at (x, f (x)) is T x S n−1 × {0}, which is spacelike.
Corollary 4.2. If Γ ⊂ PO(n, 2) is AdS quasi-Fuchsian and Λ Γ is a C 1 submanifold of ∂AdS n+1 , then for all ξ ∈ Λ Γ , the tangent space T ξ Λ Γ is spacelike.
Then E is open and Γ-invariant. Since the action of Γ on Λ Γ is conjugate to the action on its Gromov boundary, it is minimal (i.e. all orbits are dense). It follows that E is either empty or equal to Λ Γ and by Lemma 4.1, it is not empty.
Remark: Lemma 4.1 fails in general in higher rank pseudo-Riemannian symmetric spaces, i.e. for H p,q -quasi-Fuchsian groups. Indeed, Hitchin representations in P O(3, 2) provide H 2,2 -quasi-Fuchsian groups which are not H 2,2 -Fuchsian, yet have a C 1 limit set (which is isotropic for the natural Lorentzian conformal structure on ∂H 2,2 ).
Fixed points and Benoist's asymptotic cone
Lemma 4.3. Let Γ ⊂ PO(n, 2) be AdS-quasi-Fuchsian. If the limit set Λ Γ ⊂ ∂AdS n+1 is a C 1 submanifold, then every proximal element γ ∈ Γ is conjugate in PO(n, 2) to an element of O(n, 1).
Proof. Let γ ∈ Γ be proximal, and letγ ∈ O(n, 2) be the lift with eigenvalue e λ 1 (γ) . Let γ + ∈ Λ Γ be the attractive fixed point. Then the differential of γ acting on ∂AdS n+1 at γ + preserves T γ + Λ Γ . It also preserves (T γ + Λ Γ ) ⊥ , which is a timelike line because of Corollary 4.2. Lifting everything to R n+2 and using the identification of T γ + ∂AdS n+1 with γ ⊥ + /γ + , we see thatγ preserves a two-dimensional plane V ⊂ γ ⊥ + which contains γ + and a negative direction. Let (u, v) be a basis of V , where u ∈ γ + and v | v n,2 = −1. By writingγv = au + bv, we find that b 2 = − γv |γv n,2 = − v | v n,2 = 1. So the matrix of the restriction ofγ to P in the basis (u, v) has the form e λ 1 (γ) a 0 ±1
It has ±1 as an eigenvalue, and the eigendirection is in V but is not γ + (because λ 1 (γ) > 0), so it is negative for · | · n,2 . This eigendirection is a point of AdS n+1 fixed by γ.
